Signal Processing 176 (2020) 107667

Contents lists available at ScienceDirect

SIGNAL

PROCESSING

Signal Processing

journal homepage: www.elsevier.com/locate/sigpro

Multivariate nonlinear chirp mode decomposition n

Qiming Chen?, Lei Xie®*, Hongye Su?

Check for
updates

State Key Laboratory of Industrial Control Technology, Zhejiang University, Hangzhou,310027 China

ARTICLE INFO

ABSTRACT

Article history:

Received 12 January 2020
Revised 12 April 2020
Accepted 24 May 2020
Available online 26 May 2020

Keywords:

Nonlinear chirp mode decomposition
Multivariate signal processing
Multivariate variational mode
decomposition

Time-frequency analysis

In this paper, a novel Multivariate Nonlinear Chirp Mode Decomposition (MNCMD) is proposed. In con-
trast to most existing multivariate time-frequency decomposition approaches, the proposed MNCMD is
capable of handling time-varying signal efficiently in an elegant variational optimization framework. The
multivariate nonlinear chirp mode is defined based on the presence of a joint or common instanta-
neous frequency component among all channels of input signal. Then the objective function of MNCMD
is defined as the sum of mode bandwidths across all signal channels. The alternate direction method of
multipliers (ADMM) algorithm is employed to optimize the MNCMD problem. MNCMD can extract an
optimal set of multivariate modes and their corresponding instantaneous frequencies without requiring
more user-defined parameters than the original NCMD. The effectiveness and advantages of the proposed
MNCMD are demonstrated by studying its mode-alignment, filter bank structure, quasi-orthogonality, the
influence of channel number, noise robustness, and convergence. Specifically, we highlight the utility
and superiority of the proposed method in three real-world applications, including the analysis of an
oceanographic float position record (two-channel), the separation of «-rhythms in electroencephalogram
(EEG) data (four-channel), and the detection of plant-wide oscillations in industrial control systems (nine-

channel).

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Many common data, such as those sampled from nature,
human-beings, and industrial systems, contain valuable informa-
tion [1]. Generally, these data show nonlinear and nonstationary
characteristics and are called nonlinear chirp signals (NCSs) [2]. It
is a challenging task to analyze them directly. The primary goal
of signal processing is to reveal these underlying information and
structures.

1.1. Univariate signal processing

The traditional methods focus on signal transformation. For ex-
ample, Fourier Transform (FT) enables us to analyze signals from
frequency domain. Fourier-based analysis rules over linear time in-
variant and stationary signal processing. However, due to fixed and
global basis functions, it only provides global frequency informa-
tion and thus lacks ability of characterizing time-varying frequency
contents of NCSs. In order to obtain the time-frequency (T-F) infor-
mation of signals, it is necessary to change the way of global trans-
formation to local transformation. Gabor [3] presented the short-
time Fourier transform (STFT) to perform the joint analysis of time
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and frequency. But it cannot automatically adjust time window
and frequency window. Cohen [4] developed an unified represen-
tation of time-frequency distribution, and the most important one
is Wigner-Ville distribution (WVD). Nevertheless, its T-F spectrum
is spoiled by the cross-term interference. Wavelet transform (WT)
[5] was then established based on scale and time-shift joint anal-
ysis and it became a powerful signal processing tool. Nevertheless,
the success of WT heavily depends on the manual selection of de-
composition levels and the mother wavelet.

Based on basis function expansion, the above traditional meth-
ods have the advantages of simplicity, uniqueness and symmetry,
but they lack flexibility and are not adaptive amenable enough for
complex signal analysis. Starting from empirical mode decompo-
sition (EMD) [6], data-driven signal decomposition and T-F tech-
niques have become a research hotspot. They can act without a
prior on input data. Fig. 1 briefly summarizes the development of
the related approaches and the proposed method. A brief overview
is provided as follows.

EMD can adaptively extract a set of oscillatory modes by sig-
nal extrema and sifting process [6]. This method is not restricted
by Heisenberg uncertainty principle but lacks mathematical foun-
dation, and it is sensitive to noise and sampling. In order to
remedy EMD’s limitations, some modified versions are developed
in succession, such as ensemble EMD (EEMD) [7] and comple-
mentary EEMD (CEEMD) [8]. In addition, some algorithms similar
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Fig. 1. A brief list of signal decomposition methods. MNCMD is the proposed
method in this paper; it is shown in the red dash box. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

to EMD are also proposed. For example, Smith [9] raised local
mean decomposition (LMD) method through separating amplitude-
modulation (AM) and frequency-modulation (FM). Frei and Os-
orio [10] put forward intrinsic time-scale decomposition (ITD)
with low computational complexity. However, these methods suf-
fer problems similar to EMD, including but not limited to mode-
mixing and end-effect. Unlike the above EMD-based decomposition
scheme, some methods retrieve the mode information from proper
time-frequency distributions. For instance, synchrosqueezed trans-
form (SST) [11] utilized a reassignment operator to search the T-F
coefficients of each mode and then reconstruct the modes using
inverse T-F transforms. Nevertheless, SST requires the modes are
well separated in the T-F plane. Empirical wavelet transform (EWT)
[12] combined the wavelet filter bank and adaptive local iterative
filtering method to extract signal modes. However, its performance
relies on the support detection algorithm.

Recently, Dragomiretskiy and Zosso [13] proposed the varia-
tional mode decomposition (VMD) algorithm that is based on con-
vex optimization theory. They formulated an optimization objec-
tive function with the assumption that the most compact mode
is found around a center frequency wy. In VMD, the mode band-
width is estimated as H' Gaussian smoothness of the correspond-
ing baseband signal, which is shifted from its analytic signal via
harmonic mixing. VMD’s idea is very innovative and creative and
has attractive performance in several aspects, such as robustness
and anti-mode-mixing [14]. However, the center frequency is es-
timated as the center-of-gravity of the mode’s power spectrum.
Therefore, VMD is not proper to process time-varying signals. In
addition, VMD is still formulated in the frequency domain, thus
it cannot provide time-frequency information. More recently, in-
spired by VMD and sparsification approach [15,16], Chen et al.
[2] proposed a nonlinear chirp mode decomposition (NCMD) al-
gorithm, which was also a variational method and could analyze
time-varying NCSs. It mainly utilized the demodulation techniques
to transform a time-varying NCS into a narrow-band signal. Specif-
ically, for each mode (nonlinear chirp mode, NCM), two demodu-
lated quadrature signals can be iteratively updated by two time-
frequency filters with the current estimated IF; then based on the
phase information provided by the two quadrature signals, the IF
can be further updated by the arctangent demodulation technique.
The solution of NCMD could be obtained by repeating the above

two steps until the bandwidth of the demodulated signal is the
narrowest [17]. NCMD is capable of accurately extracting the in-
stantaneous frequencies (IFs) and instantaneous amplitudes (IAs)
of signals with very close or even crossed modes.

1.2. Multivariate signal processing

With the development of computers and sensors, multivariate
signal processing techniques are widely demanded and applied in
various fields [18], such as disease diagnosis [19,20] and denoising
[21]. Generally, multivariate signal decomposition and T-F analysis
involve two main requirements [1]: (i) mode-alignment, namely,
the alignment of common or joint oscillations (with similar fre-
quency information) across multiple channels of each mode; (ii)
extracting any correlation between multiple data channels. There
has been a surge of interest in extending existing univariate meth-
ods to process multivariate (multichannel) signals [1,22]

The most straightforward methods for multivariate signal pro-
cessing is analyzing each channel of a multivariate signal sepa-
rately using univariate signal processing techniques. In this way,
the results would not fulfill the above requirements, because the
mutual relationships among channels are not considered.

In recent years, advances in signal acquisition tools have high-
lighted the demanding for synchronous processing of multichan-
nel data [23]. Therefore, it is necessary to develop specialized ex-
tensions for multivariate data that operate directly in multidimen-
sional space where signal resides. The univariate EMD has been
extended to various versions including those suitable for the bi-
variate [24], trivariate [25], and multivariate [26] signals. The first
two methods can be considered as subsets of the last one. Multi-
variate EMD (MEMD) works on the principle of separating faster
multivariate oscillations from slower ones. It has been applied to
various fields, such as image fusion [27], process control [28], and
biomedical engineering [29]. However, apart from inheriting the
drawbacks of the univariate EMD, such as sensitivity to sampling
and noise, the performance of MEMD also relies on the selection
of projection number and directions.

Later, based on similar extension method, Lang et al. proposed
two kinds of multivariate ITD (MITD) algorithms, namely, indirect
MITD (IMITD) [30] and direct MITD (DMITD) [31]. Nevertheless,
these MITD methods are also subjected to limitations of univariate
ITD. Recently, multivariate SST (MSST) [32] and multivariate EWT
(MEWT) [33] have also been reported. They are wavelet-based ap-
proaches. However, MSST only provides a graphical representation
of T-F spectrum and lacks mode separation ability. MEWT is sim-
plistic but relies on predefined boundaries of wavelet filterbank,
which is a tricky problem in practice. VMD-based multivariate sig-
nal processing methods, including complex VMD (CVMD) [34] and
multivariate VMD (MVMD) [1], are novel and attractive. Actually,
CVMD is different from the latter since it cleverly uses the origi-
nal VMD to decompose bivariate time series based on properties
of the complex field, thus it cannot be extended to the cases with
more than two variables. MVMD first defines a multivariate oscil-
lations using analytic signal representation based on Hilbert trans-
form with a constraint that a joint frequency component exists
among all signal channels. Then it established a multivariate varia-
tional model as a generic extension of univariate VMD. MVMD not
only inherits properties of VMD, but also shows mode-alignment
and quasi-orthogonality. It is the most promising development in
multivariate signal decomposition. However, because MVMD’s cen-
ter frequency is estimated as the center-of-gravity of the mode’s
power spectrum, it is not proper to process time-varying signals.
In addition, MVMD cannot provide T-F information intuitively.

As discussed above, most existing methods are limited to pro-
cess narrow-band signals and there is a lack of techniques for
time-varying multivariate signal decomposition. To tackle this is-
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sue, this paper proposes a multivariate nonlinear chirp mode
decomposition (MNCMD) algorithm. In the presented variational
model of MNCMD, we first define a multivariate nonlinear chirp
mode (MNCM) based on the instantaneous frequency information
among all channels of input data. Derived from the fact that a
time-varying MNCM can be transformed into a narrow-band multi-
variate signal through demodulation techniques, an objective func-
tion is then established based on minimizing the sum of band-
widths of the modes across all signal channels. Minimization of
the MNCMD model can be effectively achieved through the alter-
nate direction method of multipliers (ADMM). As a genetic exten-
sion of univariate NCMD model to multivariate signals, the pro-
posed MNCMD inherits a lot of desirable properties of univariate
NCMD. And it can extract an optimal set of multivariate modes and
their corresponding instantaneous frequencies without requiring
more user-defined parameters than the original NCMD. The effec-
tiveness and advantages of MNCMD is demonstrated by extensive
simulated and real-world signals. We specifically focus on inves-
tigating its mode-alignment property, filter bank structure, quasi-
orthogonality, influence of channel number, noise robustness, and
convergence.

The development of the proposed MNCMD scheme will be de-
tailed in the following sections. Section 2 introduces the univariate
NCMD. The proposed MNCMD is described elaborately in Section 3.
The study on the properties of MNCMD is given in Section 4, in-
cluding mode-alignment, filter bank structure, quasi-orthogonality,
influence of channel number, noise robustness, and convergence.
In Section 5, real-world applications in three fields, including the
analysis of an oceanographic float position record (two-channel),
the separation of «-rhythms in EEG data (four-channel), and the
detection of plant-wide oscillations in industrial control systems
(nine-channel), are provided to validate the effectiveness and ad-
vantages of the proposed methodology. These are followed by con-
clusions in Section 6.

2. Nonlinear chirp mode decomposition

Nonlinear chirp modes (NCMs) are AM-FM (amplitude-
modulated and frequency-modulated) functions, which can be
given by

g(t) = a(t) cos (27( /Otf(s)ds + d)) (1)

where a(t), f(t) > 0 are the instantaneous amplitude (IA) and the
instantaneous frequency (IF), respectively. ¢ stands for the initial
phase. Generally, IA and IF are assumed to be smooth functions.
Note that, for notational simplicity, the subscript i is omitted in
(1). In practice, the nonstationary signal x(t), called as NCS, usually
does not satisfy the conditions of Hilbert transform [13]. That is to
say, it is infeasible to conduct time-frequency analysis of x(t) di-
rectly. To tackle this issue, NCMD assumes a NCS is composed of Q
NCMs [2], which meet the above conditions. Thus the nonstation-
ary signal x(t) can be expressed as the sum of multiple NCMs, as
shown in (2).

Q
xX(t) =Y g(t)+n(t)

i=1

Q t
=3 ai(t) cos (Zn / ﬁ-(s)ds+¢f> () )
i=1 0

where 7(t) ~ N'(0,02) is the white Gaussian noise. When x(t) is
decomposed into a set of NCMs g;(t), the corresponding analytic

signals g;4(t) are generated by Hilbert transform
8ia(t) = &(t) + H(gi(t))

= q;(t) exp (27‘[ /Ot fi(s)ds +¢,<> (3)
where #(-) stands for the Hilbert transform. Then the IFs can be
obtained by phase demodulation [2,13].

The NCS model (2) can be rewritten into a demodulated form
as

Q t N
X(t) = > aj(t) cos (277/0 (fis) = fi(s))ds + ¢i>
i=1
u;(t)
t ~
X COS (27[ /0 ﬁ(s)ds)

t ~
—a;(t) sin (271/0 (f,(s) —f(s))ds+¢i)

vi(t)

t ~
x sin (271/ f,(s)ds) +n(t)
0
Q t .
=) u(t)cos (271/ ﬂ(s)ds) + v;(t)
i=1 0

% sin (271 /Otfi(s)ds) +7(t) (4)

where u;(t) and v;(t) represent two demodulated signals; IA could
be reconstructed as a; = +/ (u;(t))% + (V;(t))?; fi(s) stands for the
frequency function of demodulation operator. According to the ba-
sic idea of the NCMD that the demodulated signals u;(t) and v;(t)
will have the narrowest frequency band when f;(s) = f;(s), the de-
composition problem can be formulated as

. Q 2 2
min {z o+ nvmnz}

(MGINAGIR VG e
Q t
x(t) = > u;(t) cos <2n / f,-(s)ds)
i=1 0
<e¢ (5)

+ v;(t) sin (271 /t ﬁ(s)ds)
0 2

where the square of the [, norm of the second-order derivative
is used to estimate the signal bandwidth [35]; & > 0 is an up-
per bound determined by the noise level. Then, the augmented
Lagrangian multiplier and ADMM (alternate direction method of
multipliers) are adopted to solve (5). The details of the optimiza-
tion procedures are available in [2].

s.t.

3. Multivariate nonlinear chirp mode decomposition
3.1. Multivariate nonlinear chirp mode

In order to develop a multivariate version of NCMD, we need to
define an multivariate nonlinear chirp mode (MNCM). Firstly, a set
of multivariate AM-FM signals with M channels can be represented
in a vector form [36]

g1 () ay (t) cos (271 fy fi(s)ds + ¢)
&(t) a3(t) cos (277 [y fo(5)ds + ¢2)

gO=| . |= : (6)
gu(t) am (t) cos (27 fg fu(s)ds + ¢u)
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where an(t), fm, and ¢, denote the IA, IF and initial phase for
the m-th component respectively. Then, the corresponding analytic
representation of the vector signal g(t) is given by

8a(t) = g(t) + jH(g(t))

gh(t) ar (t)exp (j(27 [y fi(s)ds + 1))
| &O | | et)exp(i(2T [ f0)ds + ¢2)) (7)
201 [ awt)exp (27 J2 fu(s)ds + u)

where # represents the Hilbert transform. It is notable that the
mathematical description of (7) regards the M channel in isola-
tion from each other. For a multivariate nonlinear chirp mode,
there may be one or more common frequency components con-
tain in g(t). Herein, we adopt a simplified multivariate analytic sig-
nal expression for g4(t) that requires a single common component
among all channels [2,36], namely,

ap(t)

az(t) t
&) =| . |exp (j(2ﬂ/0 f(S)ds+¢>)

a[\/[(t)

= a(t) exp (j(Zn /0[ f(s)ds+¢>). (8)

Model (8) is the analytic form of MNCM and will be used to
formulate the objective function of MNCMD algorithm in the fol-
lowing section.

3.2. Objective function

Because the demodulation only involves the phase part of a
time-varying NCM, we can use the technology similar to the uni-
variate NCM demodulation to demodulate the multivariate NCM.
Herein, a demodulation operator (DO) &~ [2,37] is given by

t
O (t) = exp (—jzn ( /0 fa(s)ds — fcr)) (9)

where f; typifies the frequency function of the operator; f; is car-
rier frequency. The corresponding demodulated MNCM g‘}‘(t) is cal-
culated by multiplying gu(t) with the demodulation operator ®:

g(t) = g (P (t)
t
= a(t) exp (jZn/O f(s) = fa(s)ds + jo +j271fct). (10)

When the frequency function of DO f; is matched to that of MNCM
(i.e., f(s) = fq(5)), gﬂ(t) would be a purely AM signal centered
around the carrier frequency f.. That is to say, the demodulated
MNCM will have the narrowest band, which is consistent with the
conclusions in univariate case [38,39].

It can be observed from Fig. 2 that the demodulated signal in-
deed has a more compact spectrum.

After demodulation, in order to measure the bandwidth of a
AM signal, it is necessary to move the mode’s spectrum to "base-
band” by mixing demodulated signal with a frequency-shift op-
erator exp (—j2m fct), namely, the multivariate baseband signal is
given by
£5(6) = gi(t) exp (—j27 fet). (11)
The spectrum of the baseband signal is shown in the right graph of
Fig. 2. It is apparent that the baseband mode is a zero intermediate
frequency signal and the frequency-shift operator does not change

the bandwidth of gﬂ(t). It is worth noting that the operations of
(10) and (11) can be combined as

g1 (t) = ga(t) exp (J'Zﬂfo f(S)dS) (12)

where f(t) is the IF of the original MNCM. Therefore, our approach
is estimating the IF of a MNCM by searching a smooth function
f(s) with which the resulting baseband signal has the narrowest
band. It should be noted that MVMD only involves the frequency-
shift operation without demodulation, which means MVMD cannot
extract the IF information and process time-varying signals.

In the end, the MNCM can be recovered using trigonometric
identity, given by

8(t) = Re{gs(t)}

= Re{gﬁ(t) exp (jzn [ f(s)ds)}
= Re{g ()} Re{exp (jZn /0 t f(s)ds)}
~ m{g )} -lm{exp (jzn [ f(s)ds)}

= u(t)cos (27r /t f(s)ds) +v(t)sin (271 /tf(s)ds) (13)
0 0

where u(t) and v(t) are two demodulated signals expressed as

u(t) = a(t) cos (2n/0 (f(s)—f(s))ds+j¢>) (14)

t ~
v(t) = —a(t)sin (271/0 (f(s) = f(s))ds + jd)). (15)

Assuming the mode number and channel number are Q
and M, respectively, then the multivariate input data X =
[ x1 x xy |7 can be written as

Q Q t .
X(t) =) g(t)=) ut)cos <27r/ f,-(s)ds)
i=1 i=1 0

+ vi(t) sin <2n /tf,-(s)ds> +(t)
0
[
Uiz t.
= ; cos (231/0 f,-(s)ds)
uim(t)
Vi1 (t)

Vi (t) e
w1 7 |sin (27‘[/ f,-(s)cls> (D). (16)
: 0

Vim(t)

The goal of MNCMD is to extract an ensemble of multivari-
ate nonlinear chirp modes from the multivariate input data such
that the sum of bandwidth of the extracted modes is minimum.
To this end, the resulting objective function of the MNCMD then
becomes a multivariate extension of that used in the univariate
NCMD (5) and is formulated as

Q u " 2 a 2
Y Yl in @[+ |7 in 3

min
{uro}fro}{io} 5 n5

Q t
Xm(t) = ) Ujm(t)cos (271[ f,-(s)ds)
0

i=1

t ~
+ Vi m(t)sin (271/ f(s)ds)
0

To avoid confusion, the subscript i and m represent mode index
and channel index, respectively.

S.t.

<emm=1,2,...,M. 17)
2
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Fig. 2. (a) spectrum of a time-varying signal; (b) spectrum of the corresponding demodulated signal; and (c) spectrum of the corresponding baseband signal.

3.3. Algorithm

Because signals are discrete points in practice, model (17) is dis-
cretized in this section. Assuming that the signals are sampled at
t=ty,...,tny_1, the discrete form of (17) is

Q M
min {Z Y (IQuiml + ||9Vi.m||§)}

(i m} AVim} A S} i=1 m=1

Q
Xm— Y (Al + BiVim)
i1

s.t. <&gmm=1,2,....M (18)

where Ui = (U (o), - -, Ui m (tn-1)]". _ Vim=
Wim(t0), - Vim(tn-D]", fi =ilto). ... filtw-I",
Xm = [xXm(to). ... xm(tn_D]T. @i(t) = 271 [ fi(s)ds,

A; = diaglcos(¢;(tp)). . .. cos(¢;(ty_1))]. B =
diag[sin(¢;(ty)), ...sin(g;(ty_1))], and K is a second-order differ-
ence operator 2] given as

1 1 o0 0
1 -2 1 0

Q= (19)
0 1 -2 1
0 o 1 -1

By introducing the auxiliary variable @, ¢ RN*1, the multiple
inequality constraints in (18) are transformed into multiple equal-
ity constraints, i.e.,

M Q M
{ui,m},{rTmi?{m,wm { Yo Ze.@n)+ Y Y (IQumll3 + 120 ]13) }

m=1 =1 m=1

Q
St @Om=2%n— Y (Allim+Bin), m=12,..M (20)
i=1

where Z, (-) is an indicator function

0, w e Cg

400 W ¢Ce (21)

I, (@) £ {

where C; is an Euclidean ball with the center of zero and radius

of &, ie. Cep 2 {ceRN<1 1 c|l, < &m}. It is notable that, as op-

posed to many methods, such as MEMD and MVMD, the influ-
ence of noise is taken into account by including the auxiliary (or
noise) variable @, € RN*1. As a result, the proposed approach will
outperform MVMD in noisy environment. The corresponding aug-
mented Lagrangian function of (20) then becomes

M
Lo ({ui,m}v {vi,m}’ {fl}s ®m, }‘m) = Z Icgm (@m)

m=1

M
3 (12umll3 + 1Q2viml3)

Me

J’_
i=1 m=1
M Q
+ Z ).; Wn + Z (A,»ui,m + Bivi,m) —Xm
m=1 i=1
M o Q 2
+ mzl 5[ @m+ ,21: (Aittim + BiVim) — (22)
= = 2

where A € RN¥1 is the Lagrangian multiplier and « is a quadratic
penalty parameter. According to Appendix A, (22) is equivalent to

M
La({ui.m}v {vim} {fi}. @m, xm) = Z L, (@m)

m=1

Q M
+ 3> (I1Ruinll3 + Qv 113)

i=1 m=1

M« < 1 i
+ Z 5 Wm + Z (At + Bivi ) — xm+&)~m

m=1 i=1 2

1
- mnxmu%). (23)

Then, the solution of the original minimization problem (18) is
found as the saddle point of the augmented Lagrangian (23) in a
sequence of iterative sub-optimizations termed alternate direction
method of multipliers (ADMM) [40]. This optimization problem can
be divided into three sub-problems [2], i.e., the update of auxiliary
variable (@), demodulated signals (u, v), instantaneous frequencies
f. The adopted method is a variant ADMM rather than the stan-
dard version. We will detail how the respective sub-problems can
be solved in the following. For notational simplicity, the iteration
counters (i.e., superscripts like - k) are omitted, and each is im-
plicitly understood as the most recent available update.

3.3.1. Update w.r.t. auxiliary variable
The update of the auxiliary @ variable can be obtained by
solving the following sub-problem

ok = argmin { Ly ({tim}, (Vim}, {fi}, @m, Am) }

Q
Wn + Z (Ajtt; i, + Biv; )

i=1

2
}. (24)
2

. o
arg min {Icgm (®m) + 3
®Wmn

1
— Xm+—Am
o
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Fig. 3. Decomposition of a bivariate signal consisting of a mixture of tones via uni-
variate NCMD. Note that mode 2 decomposition is misaligned.

The corresponding solution of (24) is given by

Q
1
ot =Pe, | X — > (At + Bty ) — alm (25)

i=1

where Pc,, (-) is a proximity operator [41], defined as

Em_ |
proxe,, /o (2) = Pe,, (2) A { izl z, |z||, > ém (26)

z, 2ll, < &m”

3.3.2. Update w.r.t. demodulated signals

Following, the demodulated quadrature signals u;,, and v;,;, can
be updated as
uft! = argmin {Lo ({tjm}. {vim}. {£i}> @m. Am)}

Uim
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Q
Wn + Z (Ajuj,m + ijj,m)
=1

= argmin | | Qu; || +

Uim

2

— Xmto km (27)

v ar%vmin{La({uJ»‘m},{v}m} {f]} @m. Am)}

Q
®Wnm + Z (Ajuj,m + ijj,m)
=

2
}. (28)
2

(27) and (28) can be easily solved by setting their gradients to
zero, yielding

arg min ||Qv,;m||§ +

im

1
- xm+&lm

207Q -
e — (T +AiTA) ( — Y A= Y B — 0n - —xm)

—_—
T,
H, b

(29)

-1
207Q 0 Q 1
v = (T +BfTB") B} ("”‘ =2 A =D Bivim — @m — &l’")

H; Tsim
(30)
where H, . and H;; ~act as two time-frequency filters, which are

similar to those in NCMD

3.3.3. Update w.r.t. instantaneous frequency

Now, we turn our attention to the optimization problem corre-
sponding to instantaneous frequency update. It is observed that the
instantaneous frequencies are not explicitly represented in the cor-
responding augmented Lagrangian function (22); while other vari-
ables are explicitly represented. Therefore, we cannot get the up-
date formula about instantaneous frequencies as the way we treat
other variables. It is necessary to seek another way to tackle this
problem. Notice that the two demodulated signals u(t) (14) and
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Fig. 4. Decomposition of a bivariate signal consisting of a mixture of tones via (a) MNCMD and (b) MVMD. Both methods show mode-alignment property but MVMD suffers

from end-effect.
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Fig. 5. Decomposition of a bivariate signal with phase shifts via (a) MNCMD and (b) MVMD. Both methods show mode-alignment property but MVMD is subjected to
end-effect issue (marked with ellipses).
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Fig. 6. Decomposition of a bivariate signal with frequency varying linearly via (a) MNCMD and (b) MVMD. Note that MNCMD shows satisfied mode-alignment property and
extracts all modes correctly while MVMD fails to process such signals.

v(t) (15) could provide the increment information for the IFs [2]. Note that in this step we only obtain the increment of IF rather
Having updated u;,,, and v;,,, the increment information for the than the IF itself. Then the IF can be calculated as
IFs can be obtained by arctangent demodulation approach [42], as

y g pp [42] FEr = gl AFRL (32)

shown in (31).
where y is a proportionality factor.

However, due to the limitations of arctangent demodulation and
noise, the current increment of instantaneous frequency A fl";;] is
not smooth enough, which would result in the unsmooth instan-

1 d k+l () taneous frequency. This is not consistent with the requirement in

A fi";l (t) = —s— = | arctan k 1 nonlinear chirp mode that the instantaneous frequency should be
' 2m dt J,, (®) smooth enough. In order to remedy this issue, the increment of
instantaneous frequency A f"“ is filtered by a low-pass filter. The

k+1 k+1 ! k+1 k-+1 !
_ Ui,:rn () (u;+ (t)) — u‘H - (an (t)) (31) corresponding filter can be obtalned by solving the problem
k+1 k-+1 2) ' ~
usth(t vt : k+1 H k+1 k+1
27 ((uf! )+ (431 ©) min {@afs! |3+ 5 1af - af ;) (33)
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where n is a
[Afi’f# (to), - .-, Afi’f# (tN_1)]T represents the results of (31) and
Afi’f;l is the desired one, given by

penalty  parameter; Afkat =

2 1o
aft= (Lere+r) ARy (34)

where I stands for an identity matrix. In fact, (33) is formulated on
the assumption that the increment of IF in each iteration is still a
band-limited function [2]. Based on the filtered increment A f"+l
the update formula of instantaneous frequency is modified from
(32) to (35)

Sl =fnty AL (35)
where y = 0.5 is a proportionality factor adopted to stabilize the
algorithm [2].

To summarize, the update of instantaneous frequency is

Sl = fn v - AL
-1
K Ly (EQTQ n 1) N
, M )
—
filter
Koty (EQTQJFI>_1
Lm //L
—_—
filter
1d vl ()
X < ST dr (arcta s (36)
Lm

where the filter acts low-pass property to ensure smoothness.

Note that, (35) is the instantaneous frequency of mode i
and channel m. However, the multivariate signal decomposition
method requires all channels present a joint or common frequency,
which is a problem that must be solved for MNCMD. MVMD solves
this problem in frequency domain [1]. More specifically, it updates
the center frequency by taking the contributions from power spec-
trum of all channels into account, namely, the center frequency of
each channel is weighted and averaged according to its signal spec-
trum. For the proposed MNCMD, updating formulas in the form of
frequency domain is not available. Inspired by Parseval theorem,
the above operations in the frequency domain can be performed
in the time domain equivalently. In this work, the common fre-
quency information is obtained by the power-weighted average of
the instantaneous frequency of each channel. The weighting factor
is the instantaneous energy of each channel, which is equivalent
to the energy of spectrum in frequency domain. As a result, the
instantaneous frequency is given below

MR ) @kt ()]
M ek )|

2 ) ) )
where aff! =/ (uff")" + (vf‘#) is the instantaneous amplitude.

More dlscussmn on (37) is provided in Appendix B.
The last step of MNCMD is to update the Lagrangian multiplier

.fik+1 (tn) — (37)

as
Q

Ml =Ab+o|lon+ ) gt —xn ). (38)
i=1

The above steps are summarized in Algorithm 1. It is worth
noting that the proposed multivariate NCMD does not introduce
more user-defined parameters than univariate NCMD. Penalty pa-
rameters (i.e. @ and u) play the same role for MNCMD and NCMD.
Therefore, one could use the same parameters in MNCMD as that
adopted in NCMD. The properties and advantages of univariate
NCMD have been explored in detail in [2].

Algorithm 1 Multivariate nonlinear chirp mode decomposition.
Xm, o, w, f;, Aj=diag[cos (27 [ fl(t)dt)], B;i=
-1
diag[sin (2 [ £} (©dt)], ul,, = (Z2T2+ (a])A]) (A]) xn,
T .\ T )
vl = (%QTQ-i- (B}) B}) (B}) Xm, A}, =0, fori=1,...,Q,
m=1,....M; k=

1: Initialize:

s s’:mH

2: whllez Z =12 > do
i=1 m=1 |gfm )2
32 k=k+1
4 form=1:Mdo 0
5: o =", <X - (At + Bty ) — %lm>
i=1

6 end for 1
72 fori=1:Q do
8: AT = diag[cos (2 [ ff1 (t)dt)]
9: Bl = diag(sin (27 Jfi (t)dt)]
10: form=1:Mdo
w s =argmin Lo ({ujn). {uy0). (£} 0n2n))
12: v"+1 —argmm{ a({tim}Avim} {Fi}. @m Am)}

13: ak+1 / (uk+1 ) (Uk+1 )

’
k+1 uk+1 k+1 k+1
rd xm (OF iom ® (t): (t)
14: Afik:ql (t) ( ) ( )
’ ( k'”(t) k+1([)) )
15: fil.(ﬂ fzkm+y (21 TQ+ ) Afk+l
16: end for
M 2
" 5 fk#(tn)\a,-k_;l(rn)\
17: ) =2g———s—
> Jaty! o)
m=1
18: form=1:Mdo
19: gl =Aufi + B!
20: end for

21:  end for
222 form=1:Mdo

23: )"r<r1+l )Lk + Ol(a) + Z gk+1 m)

24:  end for
25: end while

4. Properties and comparisons

In order to demonstrate the effectiveness and advantages of
the proposed MNCMD, this section reports simulations and exper-
iments on a wide range of multivariate data. Specifically, we high-
light the mode-alignment property, filter bank structure, quasi-
orthogonality, influence of channel number, noise robustness, and
convergence. Because MVMD has shown better performance than
other methods [1], and it is the latest and promising multivariate
signal decomposition algorithm, MNCMD is mainly compared with
MVMD.

4.1. Mode-alignment

In this section, we focus on the ability of MNCMD to align
common frequency scales across multiple signal channels, which is
termed as mode-alignment. Mode-alignment is an critical require-
ment in many engineering and scientific applications including im-
age fusion [43], denoising [44], disease diagnosis [29], to name a
few. Detailed discussion on the importance of mode-alignment in
signal processing applications are provided in [45].
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Fig. 7. Decomposition of a bivariate signal with frequency varying nonlinearly via (a) MNCMD and (b) MVMD. Note that MNCMD shows satisfied mode-alignment property

and extracts all modes correctly while MVMD fails to process such signals.
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Fig. 8. Decomposition of a bivariate signal with both amplitude and frequency varying via (a) MNCMD and (b) MVMD. Note that MNCMD shows satisfied mode-alignment

property while MVMD fails to process such signals.

4.1.1. Case 1: Time-invariant signal

Herein, we consider a signal (39) consisting of two channels.
The individual components are a mixture of 36-Hz sinusoid that
was common to both data channels; a 2-Hz tone in x;(t) (channel
1), and a 24-Hz tone in the x,(t) (channel-2).

(39)

X1(t) = cos (2 2t) + 2 cos (27 36t)
Xy (t) = cos (2w 24t) + 2 cos (27 36t)

In Fig. 3, signal (39) is decomposed by applying univariate
NCMD to each channel separately. Note that the frequency content
across channels in mode g, is not aligned, i.e.,, 2-Hz in channel-
1 and 24-Hz in channel-2. In addition, there are a lot of ener-
gies leaking to mode g;, whose curves should be lines ideally.
The decomposition results of MNCMD and MVMD are displayed in
Fig. 4 (a) and (b), respectively. It is observed that all modes are

aligned in terms of their frequency contents: the 36-Hz tone pre-
sented in all data channels is localized in the third mode. The 2-
Hz component is located in the first mode of channel-1 while the
24-Hz signal is localized in the second mode of channel-2. There-
fore, like MVMD, the proposed MNCMD also has attractive mode-
alignment property. Note that, comparing the endpoints of mode
821, 812, Uz1, and uj, in Fig. 4(a) and (b), these modes (g, and
g12) obtained by MNCMD are almost a straight line while there
are fluctuations in uy; and uqy. This means MVMD suffers from
end-effect, which is a common issue in signal decomposition. Ac-
cordingly, both MNCMD and MVMD can align the similar frequency
content in a single mode across all signal channels, and MNCMD is
less prone to end-effect.

In order to demonstrate the presented MNCMD is able to pro-
cess signals with phase shifts. (40) is generated by embedding the
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Fig. 9. The estimated IFs by MNCMD for multivariate signals in (a) case 1, (b) case 2, (c) case 3, and (d) case 4. (Blue: true; Red: estimated. For interpretation of the
references to colors in this figure, the reader is referred to the web version of this article.) The proposed MNCMD could accurately capture IFs in various cases.

phase shifts across various channels in (39).

X1(t) =cos 2m2t + 7 /2) + 2cos(Qn 36t + 1 /3) (40)
X, (t) = cos (2 24t) + 2 cos (27 36t)

The decomposition results of MNCMD and MVMD are displayed
in Fig. 5 (a) and (b), respectively. It is observed that MVMD suffers
from apparent end-effect issue (marked with ellipses); while the
MNCMD manifests satisfactory performance. Therefore, the pre-
sented MNCMD is not affected by phase shifts.

4.1.2. Case 2: Signal with frequency varying linearly

In this case, MNCMD is applied to a multivariate signal with
time-varying frequency, given by
{xl (t) = cos (2 2t) + 2 cos(2 36t) + cos (2 24t2) +

n
X(t) = 2 cos (27 36t) + cos (27724t%) + 11 1 EN(©.0.1). (41)

Both channels of signal (41) contain a common time-varying in-
stantaneous frequency 48t. Fig. 6 (a) and (b) exhibit the decom-

position outputs of MNCMD and MVMD, respectively. It can be
observed that all modes, including frequency-varying modes, are
aligned among all channels in MNCMD; while MVMD not only fails
to process the frequency-varying components, but also cannot ex-
tract the tones with constant frequency. Therefore, MNCMD out-
performs MVMD in decomposing frequency-varying signals and it
still can keep the modes aligned in such case.

4.1.3. Case 3: Signal with frequency varying nonlinearly
Then, a more complex multivariate signal (42) with frequency
nonlinearly varying is studied.

X1 (t) = 1.5¢0s (27 2t) + 2 cos (27 36t) + cos (27 24t%) 7

.0 eN(0,0.1).
Xa(t) = 2 cos (27 36t) + cos (2724t3) + 1 neN )

(42)

It is apparent that there is a nonlinear varying frequency
(2n24t3)//2n =72t%2 in (42). The corresponding decomposition
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Fig. 10. Filter bank structure of (a) MEMD, (b) MVMD, (c¢) MNCMD for four-channel wGn. Both MVMD and MNCMD follow a different filter bank structure as compared to
the quasi-dyadic filter bank of MEMD. The mode-alignment across channels is clear in all three cases.
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Fig. 11. Illustration of quasi-orthogonality of decomposed modes obtained from (a) MEMD, (b) MVMD, and (c¢) MNCMD for a four-channel wGn. The correlation coefficient
matrices are transformed into a set of gray-scale images, in which black and white represent 1 and O respectively. Note that, in MNCMD, the gray parts are minimum and
the color is the lightest, which indicates the best quasi-orthogonality.
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Fig. 12. MNCMD decomposition of wGn for increasing signal channels. (First row) Illustration of the mode-alignment property, filter bank structure of MNCMD for increasing
signal channels, i.e, M =2,4,8, and 16 from left to right respectively. (Second row) Illustration of quasi-orthogonality of MNCMD for increasing signal channels i.e., M =
2,4,8, and 16 from left to right respectively. Note that different channel number does not affect the performance of MNCMD in terms of mode-alignment, filter bank
property and quasi-orthogonality.
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Fig. 13. Decomposition of a bivariate signal consisting of a mixture of tones and noise in both channels via (a) MNCMD and (b) MVMD. The noise variance is 1. (Red: real
mode; Blue: estimated mode. For interpretation of the references to colors in this figure, the reader is referred to the web version of this article.) Note that the modes with
similar frequency are clearly aligned and correctly extracted in MNCMD. However, the performance of MVMD is heavily degraded by noise. More comparisons are provided

in the attached animation.

Table 1
Computation time (in seconds) of the presented
method.

Case 1 2 3 4

Time 0.5064 2.6167 3.6437 5.5567

modes of MNCMD and MVMD are shown in Fig. 7 (a) and (b),
respectively. From these figures, it can be seen that the multi-
variate nonlinear chirp modes g3, and g3, are extracted correctly
and well aligned in terms of their frequency components. On the
contrary, MVMD does not correctly decompose the corresponding
modes. And the MVMD’s mode-alignment phenomenon in Fig. 7(a)
is meaningless. This further illustrates MNCMD surpasses MVMD in
decomposing time-varying multivariate signals.

4.14. Case 4: Signal with amplitude and frequency varying

The last example (43) is a multivariate signal with both am-
plitude and frequency varying. Fig. 8 (a) and (b) depict the cor-
responding decomposition results of MNCMD and MVMD, respec-
tively. Like case 2 and 3, MNCMD is able to align all kinds of
modes with common frequency and accurately extract the actual
modes. By contrast, the performance of MVMD is much worse,
which validates that it is not suitable for processing time-varying
signals. Consequently, it can be concluded that MNCMD is superior
to MVMD in decomposing time-varying multivariate signals.

X1(t) = (1+0.5cos (2rt)) cos (27 cos (2w 2t)) + (1 + 0.5cos (;wt)) cos(2w36t) +n
X2(t) = (1 +0.5c0s (27t)) cos (2 cos (2w 2t)) + 2 cos (2w 36t) + cos (27124t2) +n’

Fig. 9 shows the estimated instantaneous frequencies of these
four cases obtained by MNCMD. It is observed that the estimated
IFs are in good agreement with the real frequencies in different
cases. Note that MVMD only could provide a center frequency
value without time information. Therefore, the proposed MNCMD
shows great potential in multivariate time-frequency analysis.

The computation time of the presented method in various cases
is reported in Table 1. These data are obtained from a personal
computer equipped with an Intel Core i5 Processor, running MAT-
LAB version R2018a, on a 64-bit Windows operating system. It is

150 ¢

Error

0 100 200 300
Iterations

Fig. 14. Convergence curves with 100 random initial instantaneous frequencies.

observed that all cases are processed in a few seconds. Therefore,
the calculation efficiency of MNCMD is satisfactory.

neN(0,0.2) (43)

In summary, the above four examples demonstrate the pro-
posed MNCMD have attractive mode-alignment property and can
extract modes correctly, especially for time-varying multivariate
signals. On the contrary, MVMD suffers from difficulties when pro-
cessing data with time-varying characteristics.

4.2. Filter bank structure

A filter bank is an array of band-pass filters that separates
the input signal into multiple components, each one carrying a
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Fig. 15. (a): Time plots of bivariate oscillations and the corresponding modes obtained from MNCMD. (b): 2-D plots of bivariate oscillations (top left) and the corresponding

mode 2 (top right), 3 (lower left), and 4 (lower right) obtained from MNCMD.

single frequency sub-band of the original signal [1]. Investigating
filter bank structures is useful to understand how a full spectrum
process is split into its modes. According to [46], MEMD exhibits
quasi-dyadic filter bank structure for wGn (white Gaussian noise),
which is similar to the wavelet filter bank. MVMD also shows filter
bank structure for wGn, while it is different from the quasi-dyadic
property observed within EMD/MEMD-based methods [1].

In this section, MNCMD utilizes the numerical Monte Carlo ex-
periments based on wGn to reveal its filter bank structure. Like the
related experiments on MVMD and MEMD, we applied MNCMD on
500 realizations of a four-channel wGn data of length L = 1000.
The corresponding power spectra of MEMD, MVMD, and MNCMD
are plotted in Fig. 10. Comparing these three sets of graphs, it can
be seen that both MNCMD and MVMD follow a different filter band
structure as compared to the quasi-dyadic filterbank property of
MEMD. The bandwidths of MEMD’s modes are almost similar in
the log-frequency domain. While those of the other two decompo-
sition methods exhibit different bandwidths. It is notable that the
mode-alignment across channels is also apparent in three cases. A
thorough study on the filter bank structure of MVMD and MNCMD
is not in the scope of this work and it would be an interesting
topic for further investigation.

4.3. Quasi-orthogonality of MNCMD modes

Because the predefined basis function of Fourier-based or
wavelet-based methods, such as STFT and WT, are orthogonal,
they can ensure there is no information leakage across different
modes. However, the data-driven decomposition approaches do not
use specific basis function, which enable them to be adaptive but
also lead to a problem: is there any information leakage across
their modes? Therefore, it is critical to empirically demonstrate the
quasi-orthogonality.

In this section, the multiple realizations of 4-channel wGn pro-
cess, which is adopted to reveal the filer bank structure in the pre-
vious section, are used to test the quasi-orthogonality of MNCMD’s
modes. Herein, the correlation coefficient (44) is used as a measure
to quantify the dependence between mode i and j: [1].

cov(g;. g))

_oversi) 44
std(g;) x std(g;) (44)

Pij =

where cov(-) and std( - ) denote the covariance and standard de-
viation, respectively. The closer the correlation coefficient is to 0,
the better the orthogonality between these two modes. The cor-
relation coefficient matrices for the set of Q = 8 modes obtained
from MEMD, MVMD, and MNCMD for 4-channels wGn are trans-
formed into gray-scale images, and displayed in Fig. 11. Black and
white denote 1 and 0, respectively. It is observed that the cor-
relation coefficient matrix in the case of MNCMD is almost a
diagonal structure, indicating a great quasi-orthogonality among
MNCMD modes. While the matrices of MEMD and MVMD show
some ‘leakage’ between adjacent modes because their second di-
agonals show some gray, especially for MEMD. Consequently, it is
inferred the proposed MNCMD outperforms MEMD and MVMD in
quasi-orthogonality.

4.4. Influence of channel number

Like the previous work [1], 500 realizations of wGn with chan-
nel number M = 2,4, 8, and 16 are generated, and decomposed by
MNCMD. For each case, the influence of M on the mode-alignment
property, filter bank structure and quasi-orthogonality are investi-
gated. The first and second rows in Fig. 12 display the resulting
filter bank plots and correlation coefficient matrices, respectively.
It can be seen that the filter bank and mode-alignment properties
within MNCMD are not affected by increasing channel number M.
Similarly, the diagonal nature of the bottom row of Fig. 12 high-
lights the quasi-orthogonality of MNCMD is perfectly retained as
M is varying.

4.5. Noise robustness

The univariate NCMD is very robust to noise [2]. In theory, the
proposed MNCMD inherits the property of NCMD as a result of
being a natural multivariate extension. Thereby, MNCMD should
have gratifying noise robustness. The related experiments are con-
ducted on the bivariate signal (39). This signal is added with a
noise 7(t), where n(t) ~/\/(0,02). Let o vary from 0 to 1 with
interval 0.01. An animation is attached to provide a visual com-
parison of the decomposition performance between MNCMD and
MVMD. Specifically, Fig. 13 (a) and (b) display the decomposition
results of MNCMD and MVMD respectively when ¢ = 1. It can be
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Fig. 16. 4-channel EEG signals and the selected modes obtained by MNCMD and MVMD. (a): Time plots of 4-channel EEG signals and the selected modes (g5, gs, g) obtained
by MNCMD. (b): Time plots of 4-channel EEG signals and the selected modes (u,, g4, us) obtained by MVMD. (c): Power spectra of the 4-channel EEG signals (top left) and
the selected modes (g (top right), gs (lower left), g¢ (lower right)) obtained by MNCMD (d): Power spectra of the 4-channel EEG signals and the selected modes (u, (top

right), us (lower left), us (lower right)) obtained by MVMD.

seen that the MNCMD recovers the common modes of 36-Hz tones
in both channels. The 2-Hz and 24-Hz components are presented
in g17 and gy, respectively. However, for MVMD, although it cor-
rectly extracts the 36-Hz signal, the other two tones are fully de-
stroyed. Therefore, it is concluded that the MNCMD has better per-
formance than MVMD in noise robustness. More comparisons are
provided in the attached animation.

4.6. Convergence

Although we cannot provide a detailed convergence analysis in
the scope of this paper, an experimental investigation on the con-
vergence and sensitivity to initial conditions is conducted [2,13].
Herein, (39) is used as the test subject. In the test, the initial IF
consists of two parts: (i) the true instantaneous frequencies IF;,

and (ii) random errors IF,, namely, IF,; =IF + IF. In this case,
IF; of the three modes are 2 Hz, 24 Hz, and 36 Hz, respectively;
the corresponding random errors IF, follow uniform distributions
U(-1,1), U(-5,5), and U(-5,5), respectively. A total of 100 ran-
dom initial instantaneous frequencies are generated. In order to
quantify the convergence performance, the following reconstruc-
tion error (RE) is used as the measurement.

Q M
RE = Z Z lI&im —&imll, (45)

i=1 m=1

where Q =3, M=2; g, and g;,, are the true modes and ex-
tracted modes, respectively. Fig. 14 shows the convergence curves,
which indicate MNCMD could converge to satisfactory results.
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Fig. 17. (a): The plant-wide oscillations and their decomposition results obtained from MNCMD. (b): The normalized correlation coefficient matrix is transformed into a
gray-scale image. The darker the color, the stronger the correlation. Values less than the threshold are set to 0.

5. Real-world applications

Because of the promising performance of MNCMD on simulated
signals, more real-world applications can be expected. In order
to demonstrate the effectiveness and advantages of the proposed
MNCMD in practical applications, herein, three typical examples
in various fields are studied, i.e., (i) the analysis of an oceano-
graphic float position record (two-channel), (ii) the separation of
o-rhythms in EEG data (four-channel), and the plant-wide oscilla-
tion detection in industrial control systems (nine-channel).

5.1. Oceanographic float position records

The first real-world example is taken from the Eastern Basin
experiment. It contains position records of a subsurface oceano-
graphic float. The float was deployed in North Atlantic ocean to
track the trajectory of salty water flowing the Mediterranean Sea.
This data set is available online (http://wfdac.whoi.edu). The in-
put bivariate signal and its 2-D representation are displayed in
Fig. 15(a) (top row) and (b) (top left), in which the bivariate os-
cillations (2-D rotations) are quite apparent [24].

The MNCMD is applied to the bivariate signal with an aim to
separate its primary multivariate oscillations. The records are de-
composed into 4 modes, as shown in Fig. 15(a) and(b). It is ob-
served that the evident rotations in the original signal have been
isolated in separate components. Not all modes are rotating but
primarily the last two ones, which correspond to the presumed co-

herent vortex. The rotating modes can a prior be used to extract
finer informations and the non-rotating components may reveals
the information about the background fluctuations determining the
vortex position [24]. This experiments on the practical data set in-
dicate the ability of MNCDM to effectively separate multivariate
oscillations from input signals while also demonstrating the mode-
alignment property again.

5.2. Separation of a-rhythms in EEG

The analysis and process of multivariate Electroencephalogram
(EEG) signals are always attended for brain computer interface
(BCI), which can be used to understand the functional state of
brain [20]. Herein, the proposed MNCMD are applied to decompose
a 4-channel EEG signal. This data set was sampled from an exper-
iment that involved a subject who kept relaxed and eyes-closed
state for a period of time [1]. It is known that «-rhythms are de-
tected in EEG signal during the relaxed state with eyes closed. The
frequency range of o-rhythms is 8 — 12 Hz and the sampling fre-
quency is 250 Hz.

Fig. 16 (a) and (c) display the time-domain waveforms and fre-
quency spectrum of the original signals and selected modes (g>, gs,
gg) obtained from MNCMD, respectively. From the graphs above,
we can see that the o-rhythm within EEG is localized in mode
g5. It is apparent that all channels corresponding to g, contains
the same «-rhythm thus emphasizing the mode-alignment prop-
erty of MNCMD again. The rest modes exhibit the similar mode-
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Table 2
Plant-wide oscillation detection results based on MNCMD. (unit: samples per cycle).
mode  x; Xo X3 X4 X5 X6 X7 Xg Xg actual
g1 464 458 460 454 452 454 - - - 465
2 - - - - - - 258 258 262 266

alignment phenomenon, too. As for the performance of MVMD, its
corresponding decomposition results are shown in Fig. 16 (a) and
(d), which indicate that MVMD captures the o«-rhythm in mode
U, and remain mode-alignment property. It is worth noting that,
both gg in MNCMD and us in MVMD correspond to artifacts due
to the AC mains power line, thus its frequency should be about 50
Hz [1]. However, Fig. 16 (d) (lower right) indicates that the power
frequency detected by MVMD is about 40 Hz, which is not in ac-
cordance with the fact. By contrast, MNCMD could correctly cap-
ture this component, as presented in the lower right of Fig. 16(c).
Therefore, MNCMD shows better performance in this case.

5.3. Detection of plant-wide oscillations

The last real-world example is detecting plant-wide oscillations
in process control systems. Oscillation is one of the most common
abnormal phenomena encountered in process control systems. Al-
though the oscillation is usually generated in one or two loops, it
often propagates through the interconnected loops so that it causes
plant-wide oscillations. They can cause plants to be run in sub-
optimal conditions and may result in the waste of raw materials,
increased energy consumption and even compromised stability and
safety [14]. Consequently, it is necessary to detect and analyze the
plant-wide oscillations before the control problem is resolved via
proper service and troubleshooting.

The plant-wide oscillation data are provided by [31], where os-
cillations in a flotation circuit in a mineral concentrator plant are
observed. The sampling time is 10 s. The first row of Fig. 17(a)
shows the measurements of 9 variables. The MNCMD decomposi-
tion modes (gq, g,) are displayed in the rest rows.

Based on the decomposition results, an oscillation detector can
be carried out. The normalized correlation coefficient (46) is a
common index used to discard the pseudo oscillation modes [14].

Pim
{pl,m, P2.m; - - -pQ,m}

where p;, is the correlation coefficient between g;,, and xp, for
i=1,2,...,Qand m=1,2,..., M. Only the modes with ({ > T;)
are retained, where the threshold T, is 0.35 empirically. The corre-
sponding normalized correlation coefficient matrix is transformed
into gray-scale image and presented in Fig. 17(a). It can be seen
that the first modes in x; — xg, and the second modes in x; — xq
are retained for significant oscillations. Then the oscillation peri-
ods are estimated by zero crossings [14]| and the results are listed
in Table 2. The last column in this table is a prior known oscilla-
tion period. It is observed that the estimated oscillation periods
obtained from MNCMD is completely consistent with the actual
situation [31], i.e. there is a slower common oscillation present in
X1 —Xg and a faster common oscillation in x; — xg. Consequently,
the proposed MNCMD is able to be applied to detect plant-wide
oscillations in process control systems.

Cim = (46)

6. Conclusions

In this paper, a multivariate nonlinear chirp mode decomposi-
tion (MNCMD) algorithm is proposed to decompose multivariate
signals into a set of sub-signals. We first extend the univariate
NCM to its multivariate form (MNCM), which has a common or

joint frequency components across all channels. Then, based on the
fact that a time-varying MNCM can be demodulated into a multi-
variate narrow-band signal, an optimal demodulation problem is
established. The objective function aims to minimize the sum of
bandwidths of all modes across all channels. Minimization of this
function is efficiently achieved thorough ADMM. Apart from inher-
iting the desired characteristics of NCMD, this multivariate exten-
sion can extract an optimal set of multivariate modes and their
corresponding instantaneous frequencies without requiring more
user-defined parameters than the univariate NCMD.

Compared with other multivariate signal decomposition meth-
ods, such as MVMD and MEMD, the proposed MNCMD has been
shown to exhibit great superiorities on a variety of properties, in-
cluding mode-alignment, filter bank structure, quasi-orthogonality,
robustness to channel number and noise level. Specifically, the pro-
posed MNCMD has at least fourfold advantages:

(i) MNCMD remains mode-alignment property for time-varying
multivariate signals; while MVMD is unable to process such sig-
nals, thus lacks this property in these cases;

(ii) MNCMD could provide time-frequency information con-
tained in the input data; while MVMD is formulated in the fre-
quency domain, and thus it cannot display such information.

(iii) The modes of MNCMD have better quasi-orthogonality than
those of MVMD and MEMD, which means MNCMD has less infor-
mation ‘leakage’ across different modes;

(iv) MNCMD is more robust to noise than MVMD and MEMD.

In the end, we highlight the utility and advantages of the pro-
posed method in three typical real-world applications.
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Appendix A. Proof on the equivalence of (22) and (23)

Note that (23) is the scaled form of augmented Lagrangian
function (22) [40]. By combining the linear and quadratic terms in
(22) and scaling the dual variable, the related computation would
be more convenient. Herein, we will prove they are equivalent.

Proof:
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Fig. B.1. MNCMD (a) and MVMD (b) decomposition results in case where there are contrasting set of profiles from individual channels. It is observed that both methods
could process such signals, which indicates the power-weighted average framework is reasonable and effective.



18 Q. Chen, L. Xie and H. Su/Signal Processing 176 (2020) 107667

where o is the frequency; #; ,, () is the Fourier transform of mode

Uj (s \ﬁ,»,m(a))\2 is the square of the amplitude corresponding to
the frequency w and it is the weighting factor; w; is the center fre-
quency of the ith mode. Clearly, (B.2) indicates MVMD updates the
center frequency by taking the contributions from power spectrum
of all channels into account, namely, the center frequency of each
channel is weighted and averaged according to its power. This is a
very promising view. Inspired by Parseval theorem, the weighted
average operation in the frequency domain can be performed in
the time domain equivalently. As a result, (B.1) is naturally estab-
lished.

Both (B.1) and (B.2) aim at using multichannel frequency infor-
mation to estimate single channel frequency information. The dif-
ference is that (B.2) is in the frequency domain, while (B.1) is in
the time domain. Also, it can be found that (B.2) can only show
the information of the whole spectrum, thus MVMD cannot pro-
vide time domain information; while MNCMD can reveal these in-
formation. When the instantaneous frequencies are constant, the
performance of MNCMD and MVMD would be similar (shown in
Section 4.1.1).

Herein, (B.3) is tested to demonstrate the weighted average
framework can deal with cases where there are contrasting set of
profiles from individual channels.

(B.3)

X1(t) = cos (2w 2t) + 2 cos(2m 36t + 7 /3)
X, (t) = cos (2 24t)

where x;(t) contains two tones with 2 Hz and 36 Hz, respectively;
X,(t) only has one 24 Hz component. Namely, there are no com-
mon frequency components between channels. The correspond-
ing decomposition results of MNCMD and MVMD are displayed in
Fig. B.1(a) and (b), respectively. It is observed that both methods
can process such signals well, which indicates the power-weighted
average framework is reasonable and effective.

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at doi:10.1016/j.sigpro.2020.107667.
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